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New Simple Proofs of the Two-Port Stability
Criterium in Terms of the Single
Stability Parameten (/o)

Piero Bianco, Giovanni Ghion&enior Member, IEEEand Marco PirolaMember, IEEE

Abstract—The classical scattering-parameter stability criterium  Notice that, whileK is independent from the scattering-param-
for a linear two-port makes use of two conditions involving the  eter normalization, all the other parameters depend on the port
Rollet parameter K plus one additional parameter. A new stability normalization impedances, although the above conditions are

criterium was developed by Edwards and Sinksky on the basis . . .
of a condition on a single parameter, i.e.s; Of uz. This paper independent from them. IK > 1, the above auxiliary condi-

presents a new, simpler, and more straightforward set of proofs of tions are all equivalent, as was proven in [3] for what concerns
the single-parameter stability criterium for a linear two-port. The  the conditions (2), (4), and (6), and in [1] for what concerns

first proof is algebraic and shows the equivalence of the conditions (3) and (5). Since (3) and (4) are relative to stability at port 1,
K > 1,b > 1 with the condition p; > 1 (¢ = 1,2). The \pnije (5) and (6) refer to stability at port 2, this also leads to

second proof, which is geometrical, relies only on the classical sta—th Ik It that stability at t imoli lobal
bility circle concepts in an improved way with respect to the treat- € well-known resu at stabiity at one port implies gioba

ment by Edwards and Sinksky. two-port Stapility. N o '
Index Terms—Linear circuits, scattering parameters, stability The classical stability criterion, as summarized above, was,

criteria, two-port circuits. and still is, widely exploited in computer-aided design (CAD)
tools; it is, however, somewhat inconvenient since the simple
condition K > 1 is necessary, but not sufficient to ensure sta-
. INTRODUCTION bility. In 1992, Edwards and Sinksky [1] proved that a condition
LMOST 40 years after Rollet’s paper [2] was published®n a single parameter is sufficient to assess unconditional sta-
the classical problem of the stability criterium for a lineaPility; namely, they showed that the two-port unconditional sta-
two-port still seems to attract the attention of the microwanlity conditions can be put into biunique correspondence with
and RF community, as a source of practically significant, b@ne of the following:

also theoretically, appealing analytical investigations. The aim 1—|s1y)?
; ; et p1 = >1 (7
of this paper is to add some new elements to the existing body |s00 — 8% A + |s12521]
of knowledge by providing a new set of simple straightforward 1 — |890[?
analytical and geometrical proofs for the so-called single-pa- 2 (8)

|s11 — 5| + [ 12821 ’
Despite the obvious advantages of using a single stability
rameter, and although the proof in [1] has never been ques-
ned, as far as the authors’ knowledge, the popularity of the
new p; o > 1 criterium among RF and microwave designers
was perhaps lower that expected.possible reason is perhaps

rameter stability criterion [1].

A well-established result allows the unconditional two-port
stability to be expressed in terms of the two-port scatteri
parameters in different, albeit equivalent, ways, all having
common the condition of the Rollet paramefef2]

2 2 2
K= 1= [s11]” = |s20f* +[A] >1 (1) the fact that the original proof in [1] is quite involved since it is
2[s12801] based o’ andI';, stability circles, thus implying a cumber-
together withoneof the following conditions: some analysis of multiple cases (generator and load reflection

@) coefficients mapped inside or outside those circles) and longer

Al =|8118290 — 812891 < 1
A =lsiis22 = s125] calculations. The proof in [1] finally concludes that (7) implies

2
by :ﬂ >1 (3) (1) and (5), i.e., unconditional stability.
|s12fs2 In this paper, we propose a much more straightforward treat-
By =1+ [sual? — |s22]* = |A* > 0 (4)  ment of stability conditions (7) and (8). In fact, in Section II, we
b 1 — s S ) show that the equivalence between (7) and (8) and conditions
2 |s12]|$21] (1) and (3) [see (1) and (5)] can be proven through an extremely

By =1+ |s22]” — |s11]> — |A]> > 0. (6) Ssimple and direct algebraic technique. Section Il also includes
the discussion of a new relationship betwget’, andb, which
is introductorily exploited to provide a direct “by inspection”
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i

of the original “geometrical” demonstration proposed in [1], ir

which the discussion is based on fheyr (I'w) circles instead 4 ff ] w1 (stable region) 1.
of I'y, (') ones. 5 | 1-2Kb,+ <0

Il. NEW ALGEBRAIC PROOF OF THESINGLE-PARAMETER
CRITERIUM 1

A. Introductory Relationship Between K, andb
In this section, we will establish a relationship betwegn

and the classical stability parametdfsandb,. We start from -2 SRR :
the definition ofz:1, which can be written as SV |
s W T R T
|s22 — sT1 A = Lol |s12521- ORI L i i l i i

at 2 15 1 05 0 05 1 15 2

Since K

Fig. 1. Behavior of the:; stability parameter in the plan€, b;. The shaded
|s20 — 8T AP = (|322|2 - |A|2) (1 — |311|2) + |s12|%|s01|*  areas are bounded by two hyperbolae defined by2 Kb, + b2 = 0, i.e., by
(10) the locus where the discriminant of (12) vanishes.

squaring both terms of (9), subtracting on both sides the factor . ,

|512521|2, and using (10), we have u1 < 1 anywhere else) [1]. (The same conclusions can obvi-
’ ' ously be shown to hold for the sgb, K, andb.) A straight-

(|522|2 _ |A|2) (1 _ |511|2) forward algebraic proof of the above equivalence is provided in

Section II-B.
2
2
. (1 — lsu] ) _ 9 I51] 1—|si1|> B. Algebraic Proof of the Stability Criterium
- 2
K1 L We will now give a simple demonstration of the equivalence,
which has been shown to hold through graphical inspection, of

and, therefore, L .
the two conditions (1) and (3) with (7).

) by 1—|sui)? |591|512] We first notice that, from (7), it is trivial to see that < 0 <
|s22|” — |A]" = 12 -2 o 11 4 implies |s;1| > 1 andvice versaso that when the two-port
' cannot be unconditionally stable becalisg| > 1, the param-
Since eteru; correctly predicts conditional stability. We can, there-
fore, focus on the cages1| < 1 orpy > 0.
|s00|* — |A]? = —|s21[[s12] (2K — b1) We now prove thaj:;; implies K > 1 andb; > 1. In fact,

after some rearrangement, (11) gives conditiony; > 1 can be expressed as

b2 ok b0 12 |s22 — s11 A < 1= |s11]* — [s12521] = |s21]]s12] (b1 — 1)
N_% - Z + —bp =0 (12) 1)

This equation always has real solutions since its discriminandm which we immediately find thdt, > 1. Thus, by squaring
is positive as follows: (14), and using (10), we then find that

2
>0 (|$22|2 - |A|2) (1 - |811|2> + |812821|2(1 - |811|2>

—2|312821|(1 - |311|2) + [s12521 . (15)

|s22 — T, AP
1-02K —b))= ——————
2 2 |s12[?[s21[*
moreover, rearranging (9), one obtains

. 5 .
by _ 532 — 51, A Since|s11| < 1 and, thereforel — |s11]* > 0, it follows that

| | +1>1
S128
Nl 12221 |822|2 — |A|2 < 1 —_ |$11|2 —_ 2|812821| (16)
thus implying that only the solution of (12) with the plus sign is
valid as follows: and, therefore,
b 1-— |811|2 — |822|2 + |A|2 > 2|812821| (17)

(13)

_ 1
Y /I _2Kbh+ 82 .
i.e., from the definition of the Rollet paramet&r > 1.
A direct contour plot of:; as a function oK andb; from (13) By reversing the above proof, we now show that> 1 and
shows (see Fig. 1) that the region with > 1 andd; > 1, K > 1impliesp; > 1. Starting from (17), we obtain (16) and

wherey; is real, corresponds t@; > 1, andvice versa(i.e., then (15) by multiplying (16) by the factdr— |s11|? (positive
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becausé; > 1), and addin9312321|2 to both sides. Taking the  We start from the stability parametgi, whose expression
square root of the two terms, and using (10), we have (7) can be revisited as

2 -1 _ |822 - 3>‘1(1A| + |812821|
[se2 — sT{A| < |1 — [s11]" — |s12521] 1= sl

) ) _ A direct relationship can be established between the stability
butsinceb; > 1, we havel — |s11| —|s12s01| > O and, finally, parameter and the radius and center of the image, ifi gher
we obtain (14), which is equivalent to conditipn > 1. plane, of the circldl';| = 1; as is well known, this image is a

By means of the same procedure, we find fhat- 1implies cjrcle of centertCor and radius-our given by
K > 1, b > 1 andvice versaThe reciprocal implication of

the conditionsy; > 1 andus > 1 can be stated equivalently Cour =27 sT1A (18)
by showing that the conditioK” > 1, b; > 1 impliesbs > 1. 1—s11]?
This demonstration has already been carried out in [1], but a |s12821]
simpler proof will be given here, which also has the advantage rout :m' (19)

of immediately showing that il{ > 1, conditionsb; > 1 and
bo > 1 mutually imply each other.

We start by evaluating the produ@ — 1)(b, — 1); a direct Using these expressions, and excluding the gase< 0 or

|s11] > 1, we obtain a relationship similar to the one derived

computation shows that in [1]
(b1 — Dby — 1) uit = |Cour| + rour.
2 2 2 2 .. - e s
_1i- |s11] — |s22|” + [s11[*[s02] A necessary condition for unconditional stability is
|s12]?[s21[?
|821|2|812|2—2|821||812|+|821||812|(|811|2+|822|2) |COUT|+7>0UT <1 (20)
|s12|?]s21[? or, in other words,
_ 1-— |511|2_ |322|2+|A|2_2|$21||812| > 1.
|s12[?|s21?
[sarllsial (Jsusl? + 15221 + 2R (11522531512 Otherwise, in fact, the image | = 1, which is given by
+ p
|s12|?[s21]2 Lour = Cout + roure’®, 0<f<2r (21)
K-1 S114/85, 875 + 855+/521512)° . . o
- |s21]| |Jrl = 21| 12|2| 22|2 o : would either cross th€oyr Smith chart unit circle or be ex-
521((512 S12|7|521

ternal to it, thus implying that some passive generator coeffi-
cient|I'¢| < 1 exists that map intf'our| > 1.

This implies that itk > 1, (b1 — 1)(b2 — 1) > 0, i.e.,b; andby In order to prove that this is also a sufficient condition for
are both either larger or smaller than unity. Therefore, conditiQfhconditional stability at the input port, we have to show that
K > 1,0 > 1impliesb; > 1 and, thusyy > 1implies || < 1 maps into thenterior of the circle of centeCour

p2 > 1. and radius-our. If this condition and the one given by (20) are
true,|'our| < 1 whenevell'| < 1. Sincel' = 0 satisfies
IIl. | MPROVED “GEOMETRICAL" PROOF OF THE '] < 1, the demonstration is complete if we can prove that
SINGLE-PARAMETER CRITERIUM the corresponding poiltoyr = s22 belongs to thénterior of

) _ o the circle given by (21). This is equivalent to stating that
Geometrical demonstrations based on concepts like input and

output stability circles have a greater appeal than purely alge- |CouT — $22| < rouT. (22)
braic proofs owing to their more straightforward interpretation.

In this section]'¢ andl";, are the generator and load reflectiodJsing (18) and (19), remembering that the only nontrivial case
coefficients and™ v and oy are the reflection coefficients is |s11] < 1, (22) can be so rearranged as follows:

seen at the two-port input and output. As is well known, a bi-
linear transformation relates the load, input, generator, output
coefficients, and the scattering parameters; thus, one has

S92 — SIIA — S22 (1 —_ |811|2)‘ < |812$21|.

With some trivial manipulations, this gives

s128211°f,
v =511+ m ‘822 - SEA — S22 + 322|311|2‘
and = |s22 — |s11 %522 + 571512521 — 522 + 522|511 |
= |S11||812821| < |312321|
s12821

Pour = s22 + 1—sula which is surely true sincésy ;| < 1.
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bility parameter,. Since IRE Trans. Circuit Theoryvol. CT-9, pp. 29-32, Mar. 1962.
[3] D.Woods, “Reappraisal of the unconditional stability criteria for active
£ A 2-port networks in terms aof parameter,JEEE Trans. Circuits Syst.
Omn _S%11~ S vol. CAS-23, pp. 73-81, Feb. 1976.
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N;l = |Cin| + 11
andus > 1 is equivalent to

|Cin] + v < 1

|Cn — s11] < v
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In this paper, an improved set of proofs has been provided for
the single-parameter stability criterium based on the equivalent
conditionsy; > 1 (u2 > 1). Two alternative demonstrations,
the first one algebraic, the second one geometrical, have &
been provided in a simpler and more straightforward mannr
than the one originally provided in [1], in which the single-pa
rameter criterium was originally proposed.
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